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Frequency-Load Interaction of Geometrically Imperfect
Curved Panels Subjected to Heating
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The results of a parametric study of the vibration behavior of flat and shallow curved panels subjected to
temperature fields and mechanical loads are presented. The mechanical loads include uniform axial-compression
prebuckling loads and transverse lateral pressure. The temperature fields include spatially nonuniform heating
over the panel surfaces and a linear through-the-thickness temperature gradient. The structural analysis used
for the study is based on a higher order transverse-shear-deformation shallow-shell theory that includes the
effects of geometric nonlinearities and initial geometric imperfections. Analytical results are presented for simply
supported single-layer and three-layer panels made from transversely isotropic materials. The results identify the
interaction of the applied thermal and mechanical loads with the fundamental frequencies in both the prebuckling
and postbuckling equilibrium states. The results indicate that initial geometric imperfections, transverse-shear
flexibility, and changes in curvature are important contributors to the response of a panel for a wide range of

structural and loading parameters.

Introduction

DVANCED high-speed flight vehicles, such as a high-speed
civil transport or an advanced tactical fighter, will experience
high temperatures and pressure gradients during flight operations.
These loading conditions typically occur in a dynamic environment.
Major portions of the wing, fuselage, and empennage structures
for these vehicles consist of flat and curved panels that are used
as primary load carrying components. Changes in panel vibration
characteristics due to the interaction of thermal and mechanical
loads affect panel dynamic response and flutter characteristics. Thus,
understanding the effects of thermal and mechanical loads on the re-
sponse of vibrating flat and curved panels is necessary for determin-
ing and understanding the overall structural behavior of an aircraft.
Past studies of the vibration behavior of flat and curved panels
subjected to elevated temperature fields have been limited in num-
ber, and most of these studies have focused on flat panels using
classical plate theory (e.g., Refs. 1-6). The vibration behavior of in-
finitely long isotropic cylindrical panels subjected to thermal loads
while in their prebuckling and postbuckling equilibrium states was
investigated in Ref. 7. The comprehensive state-of-the-art reviews
presented in Refs. 8 and 9, and the results presented in Ref. 10,
have indicated the need for a better understanding of the effects of
temperature fields, mechanical loads, and transverse-shear flexibil-
ity on the vibration characteristics of flat and curved panels in their
prebuckling and postbuckling equilibrium states.
The present paper presents the results of an analytical study of
the vibration behavior of single-layer and three-layer flat and shal-
low curved panels subjected to combined thermal and mechanical
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loads in their prebuckling and postbuckling equilibrium states. The
panels are made of transversely isotropic materials, are symmetri-
cally laminated, have uniform thickness, and are simply supported.
The mechanical loads include uniform axial-compression prebuck-
ling loads and lateral pressure. The thermal loads include both
spatially nonuniform and linear through-the-thickness temperature
fields. A special purpose analysis that is well suited for parametric
studies and includes the effects of initial geometric imperfections
and transverse-shear deformations is used for the present study. The
results presented indicate the effects of thermal loads, combined
thermal and axial-compression loads, lateral pressure, initial geo-
metric imperfections, curvature, and transverse-shear flexibility on
the vibration behavior of the panels. Results are presented for a wide
range of loading and structural parameters.

Analysis Description
The analysis used in the present study is based on a higher or-
der transverse-shear-deformation theory (HSDT) that includes the
effects of geometric nonlinearities and initial geometric imperfec-
tions. A summary of the analysis is presented in the present paper,
and details can be found in Refs. 10-15.

Thermoelastic Constitutive Relations

The thermoelastic constitutive equations used for the present
study are for symmetrically laminated shallow curved panels with
uniform thickness. The material is assumed to be elastic and trans-
versely isotropic, with the plane of isotropy coinciding with the
tangent plane at each point of the panel reference surface. The trans-
versely isotropic constitutive equations are characterized by five
elastic constants and two thermal coefficients: the elastic modulus
E, Poisson’s ratio v, and the thermal compliance coefficient A in the
plane of material isotropy; and the elastic modulus E’, Poisson’s
ratio v', the shear modulus G’, and the thermal compliance coeffi-
cient A’ perpendicular to the plane of isotropy. The coefficients of
thermal ‘expansion « and o are related to the thermal compliance
coefficients A and A’ by equations presented in Refs. 14-16. For
transversely isotropic materials, the transverse coefficient of ther-
mal expansion ¢’ is often much larger than the tangential coefficient
of thermal expansion «. The transformed reduced thermoelastic con-
stitutive equations used in the HSDT indicate that the thermal com-
pliance coefficients depend on the ratio of the elastic moduli E/E’.
The corresponding equations for classical shell theory do not depend
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onthis ratio. Also, the transformed reduced thermal compliance co-
efficients can be negative valued for ordinary values of E/E’ and
A/ (see Ref. 17). These thermal compliance coefficients are always
positive valued for a conventional isotropic material.

Nonlinear Boundary-Value Problem

The nonlinear equations used in the present study of the dy-
namic response of shallow curved panels are an extension of
the classical von Kdrman-Marguerre-Mushtari nonlinear shallow
shell equations and include the effects of geometric imperfections
and transverse-shear deformations. An Airy’s stress function is
used to eliminate the shell tangential-force equilibrium equations.
The mémbrane-strain compatibility equation is included as a pri-
mary field equation of the nonlinear boundary-value problem along
with the remaining shell transverse-force and moment equilibrium
equations. A partially inverted form of the constitutive equations
is used to express the membrane strains in terms of the Airy’s
stress function and the transverse displacement. The bending and
transverse-shear-stress resultants are expressed in terms of the ro-
tations and the transverse displacement. Substituting these special
constitutive equations into the three remaining shell equilibrium
equations and into the strain compatibility equation yields four cou-
pled partial differential equations in terms of the stress function, the
transverse displacement, and the two rotations. The equations are
further reduced by expressing the rotations in terms of the transverse
displacement and a potential function I"(x;, x, t). Substituting the
resulting expression into the out-of-plane force equilibrium equation
yields an equation in terms of the stress function and the transverse
displacement. Substituting this equation into the moment equilib-
rium equations yields a single Helmholtz type boundary-layer equa-
tion in I" that is totally uncoupled from the other equations. In gen-
eral, the boundary-value problem remains coupled through the five
boundary conditions at each edge of the shell.

The panels considered in the present study have simply supported
boundary conditions. The transverse displacement at each edge,
the bending stress resultant acting about the axis parallel to each
edge, and the rotation acting about the axis normal to each edge
are all zero valued for these boundary conditions. The tangential
displacements (in the tangent plane at each point of an edge) of
the loaded and unloaded edges of a panel are unrestrained, and the
edges are referred to herein as' movable edges. The tangential stress
resultants are specified at the edges.

For the simply supported boundary conditions considered, the
nonlinear boundary-value problem is uncoupled with respect to
the potential function I', and the solution to the Helmholtz type
boundary-layer equation in I' is ' = 0. Thus, the nonlinear
boundary-value problem reduces to two partial differential equa-
tions in terms of the Airy’s stress function and the transverse deflec-
tion v; for both types of boundary conditions. These two equations
are referred to herein as the von Kédrmén type compatibility equation
and the transverse force equilibrium equation.

Solution of the Nonlinear Equations

The nonlinear boundary-value problem is solved using Galerkin’s
method. The transverse deflection v; is expressed in terms of func-
tions that satisfy the simply supported boundary conditions

v3(x1, X2, 1) = Wy () SI0 Ay x; SiN X0 (1a)
where A,, = mn/Ly, i, = nm /Ly, and w,,(¢) are the modal am-
plitudes and L; and L, are the panel side lengths.-Following Ref. 18,
the initial geometric imperfection D3 is expressed as
O3 (x1,%2) = Wi SIN Apxs SIN n2z (1b)
where 10, are the modal amplitudes of the initial geometric imper-
fection shape. Similarly, the applied temperature and pressure fields

are most generally represented by Navier type double Fourier sine
series. In the present study, the temperature field is represented by

0
T(xy, %2, x3) = T(x1,%2) + X3 T (%1, %2) (2a)

where

o

T (%1, %3) = Topm SIN Ay SIN fhn X @2b)

1 ‘
T (x1,%) = Tpn $in Apxq Sin p,xz (20

are expressed in terms of the temperature distributions at x; = //2
and —A/2 where £ is the panel thickness. The corresponding tem-
peratures are denoted by T; and T, respectively, and given by

T =4T+T) @d)

= /(T -T.) (2
Similarly, the pressure field is represented by
P3(X1, X2) = Pun SIN A X1 8IN X5 ©)

The displacement expansions are substituted into the von Kdrman
type compatibility equation and the Airy’s stress function is obtained
by solving the resulting linear nonhomogeneous partial differential
equation. The remaining nonlinear partial differential equation is the
von Kdrman type equilibrium equation that is converted into a set of
nonlinear ordinary differential equations using Galerkin’s method.
This procedure yields the following setof M x N nonlinear ordinary
differentia{ equations for each set of wave forms determined by the
index pair (m, n)

Aprs + Reswys + pr.\'Brs -1 Tl‘rscrs

+Pl[wrn Wrs,s Lllv L22]+P2[ Wi, wr\‘]+P3[ wis, &rs]

+ P4[Wr.h L‘l’)rs, i_q, T”] =0 ' @)

where the indices r and s are not summed and have the val-
wes r = 1,2,...,Mands = 1,2,...,N. In Eq. (4), P, and
Py, P, and P; are linear, quadratic, and cubic polynomials of the
unknown modal amplitudes w,(f), respectively. The coefficients
Ayss Bys, Crs, and R, are constants that depend on the material and
geometric properties of the panel or shell and L,; and L, are nor-
malized forms of the tangent1al stress resultants representing the
mechanical loads.

Equations for Static Equilibrium States and Small Vibrations

The main emphasis of the present study is on the vibration be-
havior of flat and curved panels that are loaded quasistatically into
their postbuckling load range. To obtain the equations that govern
the static prebuckling and postbuckling equilibrium states, and the
small vibrations about these equilibrium states, the unknown modal
amplitudes are expressed as

wrs(t) = Wy + ZZ rs(t) (5)

The vibration amplitudes are considered small compared to @,
and the imperfection amplitude W, in the sense that

[0 s (O K Wy, Wiy ©)

for all values of the indices r and s. The equations for the static
prebuckling and postbuckling equilibrium states are obtained by
discarding the inertia terms given by A,;w,; in Eq. (4), and i,
is the solution to the resulting equation. The equations for small
vibrations about-a given static equilibrium state are then obtained
by substituting Eq. (5) into Eq. (4) and enforcing the smallness
condition given by Eq. (6). The resulting equations of motion ;re
given by

v
Ve

Ars 'E)rs(t)'i'Grsli)rs(t) =0 (7)

where

3 1
Gre = G (s, W2y, By Wrs, Prss Toss Ty ®
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for valuesof r = 1,2,...,M ands = 1,2,..., N. The constant
coefficients A, are functions of the material and geometric proper-
ties of the panel.

Small vibrations about a given equilibrium state are governed
by Eq. (7), which is solved for synchronous motion by expressing
w5 (2) as

W () = ,a)”eiw,_yt ®

Substitating Eq. (9) into Eq. (7) yields an algebraic eigenvalue prob-
lem given by

Gy ﬁ)rs = wrzsArs ﬂ)rs (10)

forvaluesofr =1,2,...,Mands = 1,2, ..., N. The frequencies
wys in Eq. (10) are the unknown quantities to be found, and the
corresponding amplitudes ), are indeterminate.

Response Characteristics and Computational Approach

The solution of Eq. (7) begins with the determination of the static
equilibrium states for a flat or curved panel over a given range of a
loading parameter. Two distinct types of thermal loading conditions
are considered in the present study. The first type of thermal loading
condition is associated with a temperature field that is uniformly dis-
tributed through the panel thickness, but nonuniformly distributed
over the panel surfaces. This thermal loading condition generates
membrane forces that can cause the panel to buckle. Flat panels
have a stable postbuckling response with no reduction in load car-
rying capability at buckling, and the response is not sensitive to ini-
tial geometric imperfections. Curved panels have an unstable initial
postbuckling response and their load carrying capability is reduced
to a value that is less than the initial buckling load. The response of
curved panels can be very sensitive to initial geometric imperfec-
tions. The second type of thermal loading condition is associated
with a nonuniform through-the-thickness temperature distribution
that is uniformly distributed over the panel surfaces. The through-
the-thickness temperature gradient generates a thermal moment that
causes the panel to bend. If the temperature gradient causes the panel
to deflect so that it flattens as the temperature increases, the panel
may have a limit-point instability response and may buckle or snap
through to a secondary stable equilibrium state.

The static equilibrium configuration for a given flat or curved
panel is obtained by solving the nonlinear algebraic equations given
by Eq. (7) by using Newton’s method. After determining the static
equilibrium configuration of a panel for given values of the loading
parameters, the coefficients A,, and G, in Eq. (10) are computed,
and the linear algebraic eigenvalue problem defined by Eq. (10) is
solved. The solutions to these equations can be expressed in terms of

the square of the fundamental frequency ” and the applied thermal.

load. In general, Eq. (10) can have negative eigenvalues that cor-
respond to pure imaginary fundamental vibration frequencies and
unstable solutions that represent an unstable postbuckling equilib-
rium state.

Representative solutions for flat and curved panels with and with-
out geometric imperfections and subjected to a thermal load that
generates a membrane force P are indicated in Fig. 1. Solutions for
panels with and without geometric imperfections are represented by
the light and heavy lines, respectively. Solutions above the abscissa
are physically admissible solutions that correspond to stable equilib-
rium states for the panels. Solutions below the abscissa are indicated
by the shaded region in the figure, and are physically inadmissible
solutions because they correspond to pure imaginary fundamental
frequencies. The small arrows near the curves indicate the direc-
tions followed along the solution paths as the applied thermal load
increases or decreases. As the applied thermal load increases from
the origin of the figure for the panels without geometric imper-
fections, the fundamental frequencies decrease until the solutions
intersect the abscissa. The fundamental frequencies are equal to zero
" on the abscissa, and the solutions change from a stable prebuckling
equilibrium state by buckling or deforming into a stable postbuck-
ling equilibrium state for the corresponding values of the thermal
loads. After the panels have deformed into a stable postbuckling
equilibrium state, additional increases in the applied thermal load

'P

Curved panels

Flat panels

Fundamental
frequency
squared,

Thermal
Load, P

Region of physically
inadmissible solutions

Fig. 1 Typical load-frequency responses curves for flat and curved
panels with a uniform through-the-thickness temperature distribution:
, geometrically perfect panels; and ——, geometrically imperfect
panels.

increase the fundamental frequencies. Decreasing the applied ther-
mal load in a stable postbuckling equilibrium state decreases the
fundamental frequencies until the solution path intersects the ab-
scissa again, and the solutions change from the stable postbuckling
equilibrium state to a stable prebuckling equilibrium state. Solutions
that intersect the abscissa either buckle or have a limit-point insta-
bility response. Solutions that have a limit-point instability response
do not entirely follow the same solution paths for increasing tem-
peratures that they do for decreasing temperatures. Solutions that
do not intersect the abscissa change from one stable equilibrium
state to another and may have a limit-point instability response. The
solutions for the flat panels with geometric imperfections do not
intersect the abscissa, and these solutions are always stable. Solu-
tions for the curved panels with geometric imperfections respond
similarly to the curved panels without geometric imperfections, but
the transition from one stable equilibrium state to another occurs at
a lower value of the applied thermal load.

Results and Discussion

A comparison of results from the present study with correspond-
ing available analytical and experimental results presented in Ref. 19
is shown in Fig. 2. The load-frequency response results in Fig. 2 re-
late the frequency ratio (w/ £2)? and the load ratio Ny;/(Ny;)c: for a
geometrically imperfect rectangular flat metallic panel where Q is
the fundamental frequency of the unloaded panel and (Ny;)., is the
value of Nj; at buckling. The results presented in Fig. 2 agree very
well, which indicates that the present analysis represents the re-
sponse of these flat panels very well. Although not shown in the
present paper, the present results and the analytical results presented
in Refs. 20-22 for both perfect and geometrically imperfect panels
also agree very well. The corresponding results for curved panels
do not appear to be available in the open literature.

The results presented in the present paper are for simply supported
flat and curved panels with movable edges. The panels have a square
planform with side length dimensions Ly = L, = £ and consist of
either a single layer or three layers of transversely isotropic elas-
tic material. The values of the Poisson’s ratios and the coefficient
of thermal expansion used for the analyses are v = v’ = 0.2 and
o = 1.15 x 1078 in./in./°F (2.07 x 10~® mm/mm/°C), respectively.
The elastic moduli and coefficients of thermal expansion for the
single-layer panels are expressed as constant nondimensional ratios
with values of E'/E = 5 and ¢’ /o = 15, respectively. The shear
modulus G’ is expressed as a ratio of the elastic modulus to the shear
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Fig.2 Comparison of analytical and experimental results from Ref. 19
with results from the present analysis: —, analysis, present study;
---, analysis!’; o, experiments (loading)’®; and O, experiments
(unloading)."?

modulus E/G’ and a value of E/G’ = 30 is used for panels with
a moderate degree of transverse-shear flexibility, unless otherwise
noted. The ratio of E/ G’ is varied for some of the single-layer panels
to determine the effects of transverse-shear flexibility on the results.
The properties of the outer layers of the three-layer panels are the
same as for the single-layer panels, and the inner layer is twice as
thick as an outer layer. The elastic moduli and thermal compliance
coefficients for the outer layers are constant nondimensional ratios
with values of (E'/E); = 5, (E/G')y = 10, and (A/1); = 1.43,
respectively, where the subscript f indicates the outer layers. Sim-
ilarly, the elastic moduli and thermal compliance coefficients for
the inner layer are constant nondimensional ratios with values of
(E'/E). = 2,(E/G"), = 30, and (A/X)), = 1.21, respectively,
where the subscript ¢ indicates the inner layer. The temperature
field is specified to be a sinusoidal function distributed across each
surface of the panels considered [see Eqs. (2a—2c)]. Two through-
the-thickness temperature distributions are considered in this study.
One temperature distribution has the same value of temperature on
both panel surfaces (T; = T,), and the other temperature distribution
has unequal values of temperature on the panel surfaces (T; # T,).
A constant temperature value of T, = 70°F (21°C)atx; = x, = £/2
is used for all results presented with a through-the-thickness tem-
perature gradient, unless otherwise noted.

Most of the results are presented in the form of interaction curves
tlgat relate the magnitude of the average middle surface temperature
Tmn to the square of the fundamental frequency as a function of
the axial-compression prebuckling load, the geometric imperfection
amplitude, and the degree of transverse-shear flexibility. The square
of the fundamental frequency «?, the applied inplane compression
load Ny, and the applied transverse pressure load p; are represented
in the figures by the following nondimensional parameters:

2 e4
@ = wﬂ'?;’) (11a)
= Ny 2
n="ip (11b)
£/2,£/2)¢*
po = .133___/_5_}7{_ (11c)

where my is the reduced mass and D = Eh3/12(1 — v?) is the
isotropic panel bending stiffness. At buckling, the parameter L;;
corresponds to the well-known definition of the buckling coefficient
for isotropic panels. This coefficient has a value of 4 for the simply
supported, square flat panels considered herein. A nondimensional
initial geometric imperfection amplitude § = 83 (£/2,8/2)/ h is
also used in the figures. i

Results for flat panels are presented in Figs. 3-5, and results for
curved panels are presented in Figs. 6-8. Results are also presented
in Fig. 9 that show a comparison between results obtained using dif-
ferent shell theories to account for transverse-shear flexibility. The
fundamental frequencies for both the prebuckling and postbuckling

equilibrium states correspond to mode shapes givenbym =n =1
for the range of structural parameters considered and for all of the
results presented herein. The maximum values of the temperature
and pressure are given by the temperature 7; and pressure pyp at
x1 = x2 = £/2 and are denoted for convenience by T and ps, re-
spectively. A similar convention is applied to T, and T;, which in
the numerical applications denote the temperature amplitudes at the
center of the upper and bottom faces, respectively.

Results for Flat Panels

The effects of a uniform through-the-thickness temperature in-
crease (I; = 7,) and an axial-compression prebuckling load on
the fundamental vibration frequency of thin, geometrically perfect,
single-layer panels with £/h = 60 are shown in Fig. 3a for six
values of the nondime2nsional prebuckling load Ly, ranging from
0 to 2.5. These panels have perfectly flat prebuckling shapes and
buckle at the bifurcation points indicated by the filled circles on the
abscissa due to the nonuniform temperature distribution over the
panel top and bottom surfaces. The results indicate that the funda-
mental frequency decreases linearly as the thermal load increases
prior to buckling for a given mechanical prebuckling load. The fun-
damental frequency also decreases as the mechanical prebuckling
load increases in the prebuckling load range. Increasing the thermal
load or the applied mechanical prebuckling load increases the in-
plane compression load in the panel that reduces the frequency due
to the additional bending moment caused by the nonlinear coupling
of the in-plane load with the out-of-plane displacements. At buck-
ling, the fundamental frequency is zero valued as indicated by the
filled circles in the figure. The highest buckling temperature is pre-
dicted for the panels without a mechanical prebuckling load, and the
buckling temperature decreases as the magnitude of the mechanical
prebuckling load increases. The fundamental frequency increases
as the temperature increases above the buckling temperature, and
panels with lower values of mechanical prebuckling load have lower
fundamental frequencies for a given temperature level. The increase
in fundamental frequency for temperatures above the buckling tem-
perature is attributed to the change in the panel geometry that occurs
after buckling. When a flat panel buckles, it buckles into a buckling
mode shape that is a curved surface. The curvature of the buck-
led panel increases the panel bending stiffness, which increases the
panel fundamental frequency.

The effects of a through-the-thickness temperature gradient
(T; # T,) and a mechanical prebuckling load on the fundamental
frequency of thin single-layer panels with £/2 = 60 are shown
in Fig. 3b for the same six nondimensional prebuckling loads L,
as for Fig. 3a. The through-the-thickness temperature gradient cor-
responds to a surface temperature amplitude 7, = 70°F (21°C)
and the temperature T; given by Eq. (2c) for specified values of
Tor T; = 2T~ T,. The applied temperature gradient generates an
in-plane compression load in the panel and a bending moment that
causes out-of-plane deflections. The panels do not have a bifurcation
buckling load because the out-of-plane deflections occur from the
onset of the applied loads. The applied mechanical prebuckling load
generates an additional bending moment caused by the coupling of
the in-plane load with the out-of-plane displacements. The results
indicate similar general trends for the interaction curves relating the
applied thermal gradient and the fundamental frequency as those
for the uniform through-the-thickness temperature shown in Fig. 3a.
The fundamental frequency decreases monotonically as the magni-
tude of the thermal gradient increases and then increases monoton-
ically for values of T greater than the temperature corresponding
to the minimum frequency for each curve. This change in response
is attributed to the nonlinear coupling of the in-plane forces with
the out-of-plane deflections and the bending moments that occur as
T is increased from a value of zero. The increase in fundamental
frequency is due to increases in panel stiffness as the deflections be-
come large enough to generate curvature in the panel. Increasing the
mechanical prebuckling load decreases the fundamental frequency
for the smaller values of T',and increases the fundamental frequency
for the larger values. This trend suggests that an increase in the mag-
nitude of the compressive prebuckling load amplifies the magnitude
of the out-of-plane deflections.
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Fig. 3 Effects of uniform axial-compression mechanical prebuckling loads and temperature increase on the fundamental frequency of single-layer
flat panels: a) uniform through-the-thickness temperature increase and b) through-the-thickness temperature gradient with 7, = 70°F (21°C).

The effects of transverse-shear flexibility on the interaction
curves relating an applied uniform through-the-thickness temper-
ature (7; = T,) and the fundamental frequency of single-layer pan-
els with £/h = 30 are shown in Fig. 4a for axial-compression
prebuckling loads that are 75% of corresponding panel buckling
loads. Results are presented for values of E/G’ = 0, 10, 30, and
50. The results for E/G’ = 0 correspond to results from classical
plate theory. The results for a given value of temperature indicate
that an increase in transverse-shear flexibility causes a significant
decrease in fundamental frequency in the prebuckling temperature
range and an increase in frequency in the postbuckling tempera-
ture range. An increase in transverse-shear flexibility causes larger
out-of-plane vibration deflections in the prebuckling temperature
range that correspond to a more flexible panel with a lower fun-
damental frequency. The temperature—frequency interaction trend

changes in the postbuckling temperature range where the frequency
increases as the temperature increases. The increase in transverse-
shear flexibility causes larger out-of-plane deflections in the post-
buckling temperature range that increase the curvature and overall
bending stiffness of the panel and, as a result, increase the funda-
mental frequency.

The effects of transverse-shear flexibility on the interaction
curves relating an applied through-the-thickness temperature gra-
dient (T; # T,) with T, = 70°F (21°C) and the fundamental
frequency of single-layer panels with £/h = 30 are shown in
Fig. 4b for the same mechanical prebuckling loads as Fig. 4a.
The results indicate that an increase in transverse-shear flexibi-
lity generally decreases the fundamental frequency up to a value of
T of approximately 450°F (232°C) where the curve for E/G’ = 50
intersects the curve for E/G’ = 30 and has a higher frequency for
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Fig. 4 Effects of transverse-shear flexibility E/G’ on the fundamental frequency of flat single-layer panels subjected to a mechanical prebuckling
load that is 75% of the corresponding buckling load and to a temperature increase: a) uniform through-the-thickness temperature increase and

b) through-the-thickness temperature radient with T, = 70°F (21°C).

larger values of temperature. The sensitivity of the fundamental fre-
quency to increases in transverse-shear flexibility decreases as the
temperature gradient increases.

The effects of initial geometric imperfections and panel thick-
ness on the interaction curves relating an applied uniform through-
the-thickness temperature (7; = T,) and the fundamental fre-
quency of single-layer panels with a moderate value of transverse-
shear flexibility (E/G’ = 30) are shown in Fig. 5a. Results for
a panel length-to-thickness ratio of £/k = 60 are indicated by
the dashed lines and results for £/ = 100 are indicated by the
solid lines for three different imperfection amplitudes given by
&y = 133 (£/2,£/2)/h = 0.0,0.2, and 0.4. The imperfection shape
is a half-sine wave along each coordinate direction. The results
shown in the figure for §; = 0.0 have bifurcation buckling loads
indicated by the filled circles on the abscissa, which is consistent
with the behavior of flat panels without imperfections. The results
indicate that the thicker panels have higher buckling temperatures.
The fundamental frequencies increase as the imperfection amplitude
increases for both the prebuckling and postbuckling temperature
ranges and for both length-to-thickness ratios. The thinner panels

have lower fundamental frequencies in the prebuckling tempera-
ture range and higher frequencies in the postbuckling temperature
range and are typically more sensitive to increases in imperfection
amplitude than the corresponding thicker panels.

The effects of initial imperfections and panel thickness on the
interaction curves relating an applied through-the-thickness tem-
perature gradient (7; # T,) with T, = 70°F (21°C) and the funda-
mental frequency of single-layer panels with a moderate value of
transverse-shear flexibility (£ /G’ = 30) are shown in Fig. 5b for the
same values of £/ k and & as for Fig. 5a. The results indicate that
the fundamental frequencies increase as the imperfection amplitude
increases and that the thinner panels are typically more sensitive to
increases in imperfection amplitude than the thicker ones.

Results for Curved Panels

The effects of panel curvature on the interaction curves relating
an applied uniform through-the-thickness temperature (T; = T,)
and the fundamental frequency of three-layer cylindrical panels with
£/ h = 60 are shown in Fig. 6a for values of £/ R, ranging from 0.0 to
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Fig. 5 Effects of initial geometric imperfections, plate length-to-thickness ratio, and temperature increase on the fundamental frequency of single-
layer flat panels: a) uniform through-the-thickness temperature increase and b) through-the-thickness temperature gradient with T, = 70°F (21°C).

0.3, where £/ R, = 0.0 corresponds to a flat panel. The limiting case
of a flat panel has a stable bifurcation buckling response as indicated
by the filled circle on the abscissa. Increasing the panel curvature
increases the fundamental frequency without causing a limit-point
instability response as the temperature increases. The convex surface
of a curved panel has a larger radius than the concave surface and,
as a result, has a larger circumnferential thermal expansion than the
concave surface for an increase in a uniform through-the-thickness
temperature. This difference in circumferential thermal expansions
increases the panel curvature, and as a result, increases the panel
bending stiffness, which increases the fundamental frequency.

The effects of panel curvature on the interaction curves relating an
applied through-the-thickness temperature gradient (T; # T,) and
the fundamental frequency of three-layer cylindrical panels with
£/h = 60 are shown in Figs. 6b and 6c¢ for values of £/ R, ranging
from 0.0 to 0.3, where £/R, = 0.0 corresponds to a flat panel. The
results presented in Fig. 6b are for temperature gradients with a
constant concave-surface-temperature value of 7; = 70°F (21°C),
and the temperature T, is given by Eq. (2¢) for the specified values of
T. The results indicate a general monotonically increasing trend of
the fundamental frequency as the temperature of the convex surface

increases. Increasing the panel curvature increases the fundamental
frequency as the temperature increases without causing a limit-point
instability response. This response suggests that the convex surface
deforms away from its projected planform (x; = 0) into a surface
with an increased positive Gaussian curvature as its temperature
increases. This increase in curvature increases the panel bending
stiffness, which increases the fundamental frequency.

The results presented in Fig. 6c are for temperature gradients with
a constant convex-surface-temperature value of 7T, = 70°F (21°C),
and the temperature 7; is given by Eq. (2¢) for the specified values
of T. These results indicate that a much more complex interaction
occurs between the thermal load and the fundamental frequency as
the temperature of the concave surface increases. For 7' = 0 the
concave surface temperature is 7; = —70°F (—57°C), and the flat
panel deflects in the negative x; direction and deforms into a surface
with a positive Gaussian curvature. As the magnitude of the temper-
ature gradient increases, this deformed surface tends to flatten and
subsequently deforms in the positive x3 direction. As the deformed
surface flattens, the fundamental frequency decreases because the
panel bending stiffness decreases. As the deformed surface begins
to develop more curvature, the fundamental frequency increases
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temperature gradient with T, = 70°F (21°C); and b) through-the-thickness temperature gradient with T; = 70°F (21°C).

because the panel bending stiffness increases. The curved panels
generally behave in a similay manner since the curvature of the de-
formed configurations for T = 0 have increased, which increases
the panel bending stiffness arid, as a result, increases the fundamen-
tal frequency. As £/R, increases, the panels become susceptible to
a limit-point instability response as indicated by the filled square
on the abscissa for the panel with £/R, = 0.2, and the panels
buckle or snap through into another stable equilibrium state. As
£/ R, increases beyond 0.2, the panels are no longer susceptible to

a limit-point instability response, and an increase in temperature
decreases the curvature of the deformed panel, which decreases the
fundamental frequency monotonically.

The effects of compound panel curvature on the interaction curves
relating an applied through-the-thickness temperature gradient
(T; # T.) and the fundamental frequency of thin three-layer panels
with £/ h = 100 are shown in Figs. 7a and 7b for several positive
and negative values of £/ R, and a constant value of £/ R, = 0.1. The
heavy solid lines in the figures correspond to a cylindrical panel with
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Fig. 9 Comparison of results obtained for three-layer flat panels using HSDT with results for CLT and FSDT.

£/R, = 0.0 and zero Gaussian curvature. The lighter solid lines and
dashed lines correspond to results for doubly curved panels with
positive and negative Gaussian curvature, respectively. The results
presented in Fig. 7a are for the case in where the convex surface
temperature remains constant at 7, = 70°F(21°C) and the con-
cave surface temperature increases. The results presented in Fig. 7b
are for the case where the concave surface temperature remains
constant at 7; = 70°F(21°C) and the convex surface temperature
increases.

The results presented Fig. 7a indicate that curved panels with
negative Gaussian curvature have a monotonically increasing fun-
damental frequency, in general, as the concave surface temperature

T; increases. As the temperature increases, the panels deflect to-
ward the positive x; direction into a deformed surface with higher
negative curvature along the x, axis and lower positive curvature
along the x; axis. The stiffness of the panel is increased by this
type of deformation, which is amplified as the temperature in-
creases. The increase in stiffness increases the fundamental fre-
quency. The negative curvature becomes more dominant than the
positive curvature as £/R, becomes more negative, and the fun-
damental frequency increases with increasing negative curvature.
A similar trend is shown in Fig. 7b for the panels with positive
Gaussian curvature and 7; = 70°F (21°C) and with an increasing
convex-surface temperature.
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The resuits presented in Fig. 7a also indicate that panels with non-
negative Gaussian curvature respond differently than panels with
negative Gaussian curvature. Panels with £/R, = 0 and 0.01 have
a limit-point instability response for values of temperature T in-
dicated by the filled symbols on the figure. For these cases, the
panels deflect toward their projected planform and their bending
stiffness is reduced, which reduces their fundamental frequencies.
After buckling into the secondary stable equilibrium state, an in-
crease in temperature generates a deformed panel with an increased
positive Gaussian curvature. Increasing this curvature increases the
panel bending stiffness, which increase the fundamental frequency.
For values of £/R, > 0.05, the panels do not have a limit-point
instability response. Similar trends are shown in Fig. 7b for panels
with negative Gaussian curvature and 7; = 70°F (21°C) and with
an increasing convex-surface temperature.

The effects of panel curvature and an external transverse pressure
load p; on the fundamental frequency of single-layer cylindrical
panels with £/h = 40 and E/G’ = 30 are shown in Fig. 8. The
pressure ps is given by Eq. (3) with m = n = 1. Results for panels
with nonnegative values of £/ R, up to 0.5 and subjected to a uniform
temperature distribution with 7; = T, = 70°F (21°C) are shown in
the figure. The results indicate that increasing the pressure load on
flat panels increases the fundamental frequency of the panel. This
increase in fundamental frequency is a result of an increase in the
membrane stiffness of the panel due to stretching and an increase in
the panel bending stiffness due to the out-of-plane deformation of
the panel. This trend reverses as the panel curvature £/ R, increases.
For this condition, increasing the external pressure load tends to
flatten the panel and decreases the panel membrane and bending
stiffnesses.

Results for Different Transverse-Shear-Deformation Theories

The effects of using different transverse-shear-deformation the-
ories for predicting the interaction of the applied thermal load and
the fundamental frequency of a panel are indicated by the results
presented in Fig. 9 for three-layer panels with £/ k = 30. The pan-
els are subjected to an axial-compression prebuckling load that is
80% of the corresponding buckling load. Results are presented for
the present HSDT, classical theory (CLT), and first-order transverse-
shear-deformation theory (FSDT). The results are for flat panels with
a uniform through-the-thickness temperature increase. The symbol
k? shown in the figure corresponds to values of the shear correc-
tion factor used for the ESDT. Results are presented for values of
k? = 2,3, and w2/12. The results indicate that all three theories
predict the same general trends, but the values of the frequency pre-
dicted by CLT are significantly different from the values predicted
by the transverse-shear-deformation theories. The HSDT and FSDT
results agree very well for values of k? = % The results presented
in Refs. 12 and 13 indicate that the FSDT and HSDT results agree
better with values of k? = % for a single-layer panel. Results for
cylindrical panels with £/ R, = 0.1 and with a through-the-thickness
temperature gradient with a constant value of 7, = 70°F (21°C) are
similar to the results shown in Fig. 4b with different values of E/G’
and are presented in Ref. 23.

Concluding Remarks

The results of a parametric study of the vibration behavior of flat
and shallow curved panels subjected to temperature fields and me-
chanical loads are presented. The mechanical loads include uniform
axial-compression prebuckling loads and transverse-lateral pres-
sure. The temperature fields include spatially nonuniform heating
over the panel surfaces, and a linear through-the-thickness temper-
ature gradient. The structural analysis used in the study is based on
a HSDT of shallow shells that incorporates the effects of geomet-
ric nonlinearities and initial geometric imperfections. Analytical
results are presented for simply supported single-layer and three-
layer panels made from transversely isotropic materials. The results
identify the interactions of the applied thermal and mechanical loads
with the fundamental frequencies of the panels in both the prebuck-
ling and postbuckling equilibrium states. The results indicate that a
number of structural parameters and characteristics can significantly
influence the response of a panel and should be considered in the

design of flat and curved panels subjected to a thermal load. These
parameters and characteristics include transverse-shear flexibility,
initial geometric imperfections, temperature gradients, panel cur-
vature, axial-compression prebuckling loads, and transverse lateral
pressure. In general, the results indicate that the response and load-
ing conditions that increase panel curvature increase the fundamen-
tal frequency, and those that decrease panel curvature decrease the
fundamental frequency. Panels with initial or response-induced cur-
vature can have a limit-point instability response for some through-
the-thickness thermal gradients.
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